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Abstract
In static and spherically symmetric spacetime, we solve the Einstein Maxwell equations. The effective
gravitational potential and the electric field for charged anisotropic fluid are defined in terms of two free
parameters. For such configuration, the mass of the star as a function of stellar radius is found in terms
of two aforementioned parameters, subjected to certain stability criteria. For various values of these two
parameters one finds that such mass radius relationship can model stellar objects located at various regions
of Hertzsprung-Russel diagram.
1 Introduction:
For relativistic charged fluid with the signature
of pressure anisotropy, where the anisotropy is
defined by the finite non zero difference between
the radial and the tangential fluid pressure, the
Einstein Maxwell field equations are solved for
static spherically symmetric spacetime. Certain
functional form of the electric field as well as
the effective gravitational potential have been
introduced in our model, where such field and po-
tential are characterized by two free parameters a
and b, with certain relationships defined between
these two parameters, where such relationships
are obtained using a particular form of stability
criteria. The charge and the mass energy density
have been expressed (as a consequence of the
interior solution) as a function of the radial
distance. From there, we obtain the mass-radius
relationship for the interior solution. Once such
mass-radius relationship is integrated for a par-
ticular limit defined by the radius of the star, one
can obtain what will be the mass of the charged
fluid considered in our model, embedded within a
sphere of radius R. Hence our model here provides
the mass M(R) of star of radius R. M(R) in our
calculations, however, is characterized by (a,b),
and there remains a specific relationship between
a and b, which are obtained by using some prede-
fined stability criterion. Various values of a and
b provides various [M(R)-R] measurements. For
different values of a and b, one can find M(R) for
different values of R, and hence using our model,
we can study the mass radius relation for different
categories of stellar objects located at various
regions of the Hertzsprung-Russel diagram.
2 Einstein-Maxwell equa-
tions:
We consider the interior spacetime of a (3 + 1)-D
star in Schwarzschild coordinates (t, r, θ, φ) as
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2(dθ2 + sin2θdφ2)
(1)
Here ν and λ are the metric potentials which
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have functional dependence on the radial coordi-
nate r and ν(r) is to be determined.
The Hilbert action coupled to electromagnetism
is given by
I =
∫
dx3
√−g
(
R
16pi
− 1
4
F caFbc + Lm
)
, (2)
where Lm is the Lagrangian for matter. The
variation with respect to the metric gives the fol-
lowing self consistent Einstein-Maxwell equations
for a charged anisotropic fluid distribution,
Gab = Rab − 1
2
Rgab = −8piTab
= −8pi(T (m)ab + TEMab ), (3)
The explicit forms of the energy momentum ten-
sor (EMT) components for the matter source (we
assumed that the matter distribution at the inte-
rior of the star is anisotropic) and electromagnetic
fields are given by,
T
(m)
ab = (ρ+ pt)uaub − ptgab + (pr − pt)vavb, (4)
TEMab = −
1
4pi
(
F caFbc −
1
4
gabFcdF
cd
)
, (5)
where ρ, pr, pt, ua, va and Fab are, respectively,
matter-energy density, radial fluid pressure, trans-
verse fluid pressure, four velocity, radial four vec-
tor of the fluid element and electromagnetic field
tensor. The case pt = pr, corresponds to the
isotropic fluid when the anisotropic force vanishes.
We also consider G = c = 1 in our observations.
In our consideration, the four velocity and radial
four vector satisfy, ua = e−νδa0 , u
aua = 1, v
a =
e−λδa1 , v
ava = −1.
Also, the electromagnetic field is related to cur-
rent four vector as,
Jc = σ(r)uc, (6)
as
F ab;b = −4piJa, (7)
where, σ(r) is the proper charge density of the dis-
tribution. Hence the electromagnetic field tensor
can be given as,
Fab = E(r)(δ
t
aδ
r
b − δraδtb), (8)
where E(r) is the electric field.
Therefore, the energy-momentum tensors in the
interior of the star can be expressed in the follow-
ing form:
T 00 = 8piρ+
1
2
E2 (9)
T 11 = 8pipr −
1
2
E2 (10)
T 22 = T
3
3 = 8pipt −
1
2
E2 (11)
The Einstein-Maxwell field equations with mat-
ter distribution as equation 3. are analogous with
the transformations,
8piρ+
1
2
E2 =
1
r2
[r(1− e−2λ)]′ (12)
8pipr − 1
2
E2 = − 1
r2
(1− e−2λ) + 2ν
′
r
e−2λ (13)
8pipt− 1
2
E2 = e−2λ(ν′′+ν′2+
ν′
r
−ν′λ′− λ
′
r
) (14)
and
(r2E)′ = 4pir2σeλ (15)
where a ‘′’ denotes differentiation with respect to
the radial parameter r. When E=0, the Einstein-
Maxwell system given above reduces to the un-
charged Einstein system. The equation (15) yields
the expressed for E in the form
E(r) =
4pi
r2
∫ r
0
x2σ(x)eλ(x)dx =
q(r)
r2
(16)
where q(r) is total charge of the sphere under
consideration and σ(r) is the proper charge den-
sity.
The mass of a star in an uncharged system is
generally defined by,
M(r) = 4pi
∫ r
0
ρ(x)x2dx (17)
Here R is taken as the radius of our star model.
The equation of state is considered as,
pr = ωρ (18)
2
3 A particular class of solu-
tions:
We consider the the electric field intensity as
E2(r) =
4a2r2
(1 + 2ar2)2
(19)
We observe that the function is regular if a > 0
A similar form of E can be used as shown by
Tikekar et al., [5], Komathiraj et al., [3] and Is-
lam S. et al., [2]. We consider the gravitational
potential Z(r) [6] as,
Z(r) =
(1 + ar2)(1− br2)
(1 + 2ar2)
(20)
where a and b are real constants. Hence from
above we observe,
e−2λ(r) =
(1 + ar2)(1− br2)
(1 + 2ar2)
(21)
which on solving we get
λ′(r) =
2ar
(1 + 2ar2)
+
br
(1− br2) −
ar
(1 + ar2)
(22)
and
λ(r) =
1
2
[log(1+2ar2)−log(1+ar2)−log(1−br2)]
(23)
Using equations, (12), (19) and (21) we obtain
ρ =
3(a+ b) + abr2(6ar2 + 7)
8pi(1 + 2ar2)2
(24)
Also for a positive density we must have,
− a
1 + 73ar
2 + 2ar4
< b, (25)
It is clearly evident from figure 1. that the den-
sity decreases gradually from the centre where it
is maximum and at the surface of the star of ra-
dius R, it becomes minimum. The variation is very
small for the considered range of parameter. Hence
the star is of almost uniform density having a value
of 1.04926 × 105 kg/m3. [We have assumed that
the radius of the star is 0.1 × R = 69570 km].
Equations, (18) and (24) above yield
pr = ω
3(a+ b) + abr2(6ar2 + 7)
8pi(1 + 2ar2)2
(26)
Using equations, (14), (19) and (21), we get the
value of the other parameter taking the constant of
xx
Figure 1: The density parameter ρ is shown
against r, a and b having unit km−2
integration as zero without any loss of generality
as,
ν(r) =
(3ωa+ ωb+ a)
2(2a+ b)
log(1 + 2ar2)
− (3ωa+ 2ωb+ a)
4(a+ b)
log(1 + ar2)
− (10ωab+ 3ωb
2 + 6ωa2 + 2a2 + 4ab+ b2)
4(a+ b)(2a+ b)
×log(1− br2) (27)
Hence the following relation is evident,
e2ν(r) = (1 + 2ar2)
(3ωa+ωb+a)
2(2a+b)
×(1 + ar2)−(3ωa+2ωb+a)4(a+b)
×(1− br2)−(10ωab+3ωb
2+6ωa2+2a2+4ab+b2)
4(a+b)(2a+b) (28)
3
We also plot the metric potentials as below,
x x
Figure 2: The metric potentials e2ν and e2λ are
shown against r.
From the above figure we observe that both the
metric potentials vanish at the centre, also both
e2ν and e2λ increase with the increase in radius of
the object.
From equation, (14) using (19), (21) and (26)
we obtain,
pt =
a(3ωa+ ωb+ a)(1 + ar2)
4pi(2a+ b)(1 + 2ar2)3
×(1− br2)(1− 2ar2)
+
b(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)
16pi(a+ b)(2a+ b)(1 + 2ar2)(1− br2)
×(1 + ar2)(1 + br2)
−a(3ωa+ 2ωb+ a)(1− ar
2)(1− br2)
16pi(a+ b)(1 + ar2)(1 + 2ar2)
+
a2(3ωa+ ωb+ a)2r2(1 + ar2)(1− br2)
2pi(2a+ b)2(1 + 2ar2)3
+
a2(3ωa+ 2ωb+ a)2r2(1− br2)
32pi(a+ b)2(1 + ar2)(1 + 2ar2)
+
b2(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)2
32pi(a+ b)2(2a+ b)2(1− br2)(1 + 2ar2)
×r2(1 + ar2)
−a
2(3ωa+ ωb+ a)(3ωa+ 2ωb+ a)
4pi(2a+ b)(a+ b)(1 + 2ar2)2
×r2(1− br2)
− ab(3ωa+ 2ωb+ a)r
2
16pi(a+ b)2(2a+ b)(1 + 2ar2)
×(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)
+
ab(3ωa+ ωb+ a)r2(1 + ar2)
4pi(a+ b)(2a+ b)2(1 + 2ar2)2
×(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)
+
a(3ωa+ ωb+ a)(1 + ar2)(1− br2)
4pi(2a+ b)(1 + 2ar2)2
−a(3ωa+ 2ωb+ a)(1− br
2)
16pi(a+ b)(1 + 2ar2)
+
b(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)(1 + ar2)
16pi(a+ b)(2a+ b)(1 + 2ar2)
−[a(3ωa+ ωb+ a)r(1 + ar
2)(1− br2)
4pi(2a+ b)(1 + 2ar2)2
−a(3ωa+ 2ωb+ a)r(1− br
2)
16pi(a+ b)(1 + 2ar2)
+
b(10ωab+ 3ωb2 + 6ωa2 + 2a2 + 4ab+ b2)r(1 + ar2)
16pi(a+ b)(2a+ b)(1 + 2ar2)
]
×[ 2ar
(1 + 2ar2)
+
br
(1− br2) −
ar
(1 + ar2)
]
−a(1 + ar
2)(1− br2)
4pi(1 + 2ar2)2
− b(1 + ar
2)
8pi(1 + 2ar2)
+
a(1− br2)
8pi(1 + 2ar2)
+
a2r2
4pi(1 + 2ar2)2
(29)
The radial pressure at the centre is equivalent
to the tangential pressure at the centre and found
4
x x
Figure 3: The variation of radial and tangential
pressure is plotted against r.
to be 8.49801 × 1021 newtons per square meter.
However the radial pressure decreases marginally
with increase in distance from the centre and at a
distance 69570 km from the centre has the value
of 8.498 × 1021 newtons per square meter. The
tangential pressure increases with distance and has
a value 2.253 × 1032 newtons per square meter
at the surface of the star. The difference between
the tangential and radial pressure gives a measure
of pressure anisotropy. It is positive throughout
the interior that is pt > pr. We can thus conclude
that the anisotropic pressure is repulsive in nature.
Hence there is an external thrust acting on the
body.
The pressure anisotropy is represented by fig.4,
4 Stability analysis:
To discuss the stability of the star under consid-
eration we have considered the Hererra’s approach
[1]. which is known as the concept of cracking (or
overturning). This theorem states that the region
for which v2st − v2sr < 0 is a stable region and the
region for which v2st − v2sr > 0 is an unstable v2sr
[Here dptdρ = v
2
st and
dpr
dρ = v
2
sr; vst and vsr stand
for the tangential and radial velocity of sound re-
spectively.] We note from the curve profile (fig.5)
for v2st − v2sr that it is negative throughout, hence
the star is potentially stable throughout the inte-
rior region.
xx
Figure 4: The pressure anisotropy ∆ is shown
against r.
x x
Figure 5: The variation of v2st−v2sr is shown against
r.
5
5 Electric Field and proper
charge density:
The expressions for Electric field is
E(r) =
2ar
(1 + 2ar2)
(30)
Also the charge is given by,
q(r) =
2ar3
(1 + 2ar2)
(31)
Now, at the centre and at the boundary of the
star, we have
E(r=0) = 0 (32)
E(r=R) =
2aR
(1 + 2aR2)
= 1.36344× 1013 newtons p.c (33)
The corresponding values of charge are given by,
q(r=0) = 0 (34)
q(r=R) =
2aR3
(1 + 2aR2)
= 7.34538× 1018 coulomb (35)
We observe that both the electric field inten-
sity and charge vanishes at the centre and both
increases radially outward, which are illustrated
in fig.6 and fig.7
The proper charge density, using equation.(15)
is given by,
σ(r) =
a(3 + 2ar2)(1 + ar2)
1
2 (1− br2) 12
2pi(1 + 2ar2)
5
2
(36)
It is evaluated to be 6.0398 × 104 coulomb per
metre3 at the centre and 6.03978 × 104 coulomb
per metre3 at the surface (69570 km from the cen-
tre) of the star.
The variation of the proper charge density with
the radius is shown in fig.8.
x x
Figure 6: The variation of the charge q(r) is shown
against r.
x x
Figure 7: The variation of electric field is shown
against r.
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Figure 8: The variation of the proper charge den-
sity σ(r) is plotted against r.
6 Mass radius relation:
Now, we calculate the effective mass which is given
by,
Meff = 4pi
∫ r
0
[
ρ+
E2
16pi
]
r2dr
=
(a+ b+ abr2)r3
2(1 + 2ar2)
(37)
We observe that, since the effective mass is al-
ways positive,
b > − a
(1 + ar2)
(38)
2Meff
r
=
(a+ b+ abr2)r2
(1 + 2ar2)
(39)
The condition for a star not to collapse gravita-
tionally, in general, is given by
2Meff
r
< 1 (40)
The above condition can be taken as a rough esti-
mate for a charged[4] anisotropic star. Hence the
above equation implies that
b <
1
r2
(41)
Hence the above equations imply,
− a
(1 + ar2)
< b <
1
r2
; a > 0 (42)
x x
Figure 9: The effective mass is plotted against r.
Now since,
− a
(1 + ar2)
< − a
1 + 73ar
2 + 2a2r4
(43)
Hence from equations, (40), (43), (44) and (45)
we get the range of parameter b as,
− a
1 + 73ar
2 + 2a2r4
< b <
1
r2
; a > 0 (44)
At r = 1√
2a
, where the electric field is maximum
we observe that,
− 3a
8
< b < 2a; a > 0 (45)
Also for the values of the parameter a =
9.384368×10−17 km−2, b = 7.820314×10−16 km−2
and r = 69570 km, we observe that the condition
for a charged star is satisfied as,
2Meff
r
= 2.87399× 10−6 < 1 (46)
The compactness of the star is obtained as,
u =
Meff
r
=
(a+ b+ abr2)r2
2(1 + 2ar2)
, (47)
which is illustrated graphically in fig.10.
7
x x
Figure 10: The compactness of the star is shown
against its radius r.
The surface red shift function is obtained as,
Zs = [1− (2u)]− 12 − 1
= [
(1 + 2ar2)
1 + (a− b)r2 − abr4 ]
1
2 − 1, (48)
The variation of the surface red shift Zs is shown
in fig.11.
What happens after a low-mass star ceases to
produce energy through fusion has not yet been
directly observed; the universe is around 13.8 bil-
lion years old, which is less time (by several orders
of magnitude, in some cases) than it takes for fu-
sion to cease in such type of stars. We calculate
the surface red shift as Zs = 2.12× 10−6.
We estimate the effective mass of the star as
0.1M. For all these estimations, we have taken
the radius of the star as 0.1R and values of
the constants as a = 9.384368 × 10−17 km−2,
b = 7.820314× 10−16 km−2 and ω = 0.67.
7 Energy conditions:
All the energy conditions, namely, null energy con-
dition (NEC), weak energy condition (WEC) and
strong energy condition (SEC) are satisfied not
x x
Figure 11: The red-shift function of the star is
shown against its radius r.
only at the centre (r = 0) but throughout the in-
terior region (fig.12):
ρ+
E2
16pi
≥0, (49)
ρ+ pr≥0 (50)
ρ+ pt +
E2
8pi
≥0 (51)
ρ+ pr + 2pt +
E2
8pi
≥0 (52)
8 Generalized TOV equations
Now we can write the generalized Tolman-
Oppenheimer-Volkoff (TOV) equations, which
gets the form
−MG (ρ+ pr)
r2
eλ−ν−dpr
dr
+σ
q
r2
eλ+
2
r
(pt − pr) = 0.
(53)
Here, MG is the effective gravitational mass given
by
MG(r) = r
2eν−λν′. (54)
The above equation describes the equilibrium con-
dition for the charged star subject to the following
forces such as gravitational (Fg), hydrostatic (Fh),
electric (Fe) and anisotropic stress (Fa) so that
Fg + Fh + Fe + Fa = 0 (55)
8
x x
Figure 12: The energy condition of the system has
been plotted against r.
where,
Fg = −ν′ (ρ+ pr) (56)
Fh = −dpr
dr
(57)
Fe = σEe
λ (58)
Fa =
2
r
(pt − pr) , (59)
In the figures (13-16), we have shown the profiles
of these forces at the interior of the star. The equi-
librium stage is achieved under the combined ef-
fects of these forces. The gravitational force is bal-
anced by the anisotropic, hydrostatic and the elec-
trical force thereby making the system balanced.
x x
Figure 13: Gravitational force acting on interior of
the star in static equilibrium.
x x
Figure 14: Anisotropic force acting on interior of
the star in static equilibrium.
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x x
Figure 15: Hydrostatic force acting on interior of
the star in static equilibrium.
x x
Figure 16: Electric force acting on interior of the
star in static equilibrium.
9 Gravitational potential
The gravitational potential at the surface of the
star is evaluated from equation.(20) as Z(r) =
3.48062 × 1018 Joules per kg. It has been shown
graphically,
x x
Figure 17: The gravitational potential Z(r) is plot-
ted against r.
We also express the total gravitational energy
K(r) using equations, (20) and (39) as follows,
K(r) = Meff×Z(r)
=
(a+ b+ abr2)r3
2(1 + 2ar2)
.
(1 + ar2)(1− br2)
(1 + 2ar2)
=
(a+ b+ abr2)(1 + ar2)(1− br2)r3
2(1 + 2ar2)2
, (60)
We have evaluated the total gravitational po-
tential energy of the system to be 1.78962 × 1046
Joules.
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10 a-b Parameter Space
a and b are two parameters in this model, both
of them having dimension [L]−2. For simplicity
through out the whole discussion, we use the di-
mension to be 1
R2
where R is the solar radius.
We simply denote Meff by M . In this section, we
find the allowable region in a-b parameter space for
physically possible stars according to our model.
Inequality (44) gives the allowable region in a-b pa-
rameter space. Considering different radii of stars,
one can find respective allowable regions in a-b pa-
rameter space.
R=0.8R๏
R=1.2R๏
R=1R๏
b(
R ๏-
2 )
−0.5
0
0.5
1
1.5
a(R๏-2)
0 0.5 1 1.5 2 2.5 3 3.5
Figure 18: Allowable regions in a-b parameter
space for different values of radius of star
With the increase in radius, the allowable region
in a-b parameter space shrinks towards b = 0 line
and it is obvious from the expression of inequality
(44) too. It is also worth mentioning that a ≥ 0.
The allowable region for a fixed radius represents
all possible mass configuration of a star for that
radius in our model. The upper limit of b in in-
equality (44) does not depend on a and is equal to
the inverse square of the chosen radius. The curve
corresponding to the lower limit of b has a minima
at a = 1√
2r2
which is shown for three different val-
ues of stellar radius in Fig. 18. For a = 0, lower
limit of b = 0. As a→∞, lower limit of b → 0−.
The mass of a star is a function of r, a and b. When
the stellar radius, r is chosen to be fixed, mass of
the star is only function of a and b. Hence a single
curve in a-b parameter space obeying equation(39)
represents a star, i.e; any a and b chosen from that
line represents same mass and same radius. This
degeneracy is occurring due to the fact that the
points from equal mass-radius line represents dif-
ferent possible charge configurations of that star
according to the equation (31). As the charge of a
star is not a directly measurable quantity, one can
not take charge as input, hence one can not get rid
of this degeneracy. Nevertheless one can find the
behaviour of stellar mass with parameter a and b
when the stellar radius is fixed, i.e; the allowable
region in a-b parameter space is decided. In Fig.
0
2
4
6
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-0.5
0
0.5
1
1.5
2M/r
1.2
1.1
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
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0.001
0
-0.1
a
b
Figure 19: Contour plot of 2Mr with a and b for
stellar radius 1 R
19 several values (both physical and unphysical) of
2M
r is shown and for each value of
2M
r a contour
is drawn in a-b plane.
0 2 4 6 8 10
-1
-0.5
0
0.5
1
1.5
a
b
2M/r=1.2
2M/r=1.1
2M/r=1
2M/r=0.9
2M/r=0.8
2M/r=0.7
2M/r=0.6
2M/r=0.5
2M/r=0.4
2M/r=0.3
2M/r=0.2
2M/r=0.1
2M/r=0.01
2M/r=0
2M/r=-0.1
A
B
CD
E
F
Figure 20: Projection of Fig. 19 on a-b plane is
plotted with the allowable region for r = 1 R.
Equation (39) implies that 2Mr increases linearly
with b and for a ≥ 0, the surface corresponding to
2M
r has no extrema.
Two curves with arrows in Fig. 22 represent the
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lower and upper bounds of the allowable region
in a-b parameter space. The equal mass-radius
curves having negative 2Mr are outside the feasi-
ble region. One can reach this argument using
equation(41)-(43) too. The curves corresponding
to 2Mr ≥ 1 are also outside our feasible region in
a-b parameter space. Equation(41) demonstrates
the fact. Among the curves in the feasible region
of a-b parameter space, some of them (e.g. curves
corresponding to 2Mr = 0.4, 0.3, 0.2 etc) intersect
the lower bound line, i.e; for those curves the whole
length is not permissible.
From equation (39)
b =
(1 + 2ar2) 2Mr − ar2
(1 + ar2)r2
(61)
For fixed mass and fixed radius, equation (61) rep-
resents the equal mass-radius line on a-b parame-
ter space. For a = 0, b = 2Mr3 . b > 0 ∀ a ≥ 0 for
2M
r > 0.5. For
2M
r = 0.5, b ≥ 0 and b approaches
0 as a→∞.
lim
a→∞ b =
1
r2
(
4M
r
− 1
)
(62)
b asymptotically approaches a positive finite value
as a tends to infinity for 2Mr > 0.5 and a negative
finite value for 2Mr < 0.5. It is also worth men-
tioning that this curve has no maxima or minima
for a ≥ 0. For 2Mr = 1, the curve is a straight line
parallel to a-axis. The curve corresponding to the
lower limit of b is given by
b = − a
1 + 73ar
2 + 2a2r4
(63)
b ≤ 0 ∀ a ≥ 0 and b = 0 at a = 0. This curve ap-
proaches 0 as a→∞. Hence the equal mass-radius
curves corresponding to 2Mr ≥ 0.5 do not intersect
the curve corresponding to the lower limit of b.
Hence one can find two class of stars within the
feasible region of a-b parameter space categorized
by 0.5 ≤ 2Mr < 1 and 0 < 2Mr < 0.5. The curve
corresponding to 2Mr = 0 intersect the line corre-
sponding to the lower bound of b at a = 0, b = 0.
All of the equal mass-radius lines corresponding
to 0 < 2Mr < 0.5, have finite length in the feasi-
ble region of a-b parameter space. Equating equa-
tion(61) and equation(63) gives the intersections
of equal mass-radius curve with the curve corre-
sponding to the lower limit of b in a-b parameter
space and it is given by a cubic equation in a as
6r6(2n− 1)a3 + 4r4(5n− 1)a2 + 13r2na+ 3n = 0
(64)
where n = 2Mr .
Clearly for 2Mr = n = 0.5, the equation is
a quadratic equation in a. The roots of this
quadratic equation are real and negative, hence
the roots lie outside the feasible region in a-b
parameter space.
For n = 0, equation (64) has two solutions, i.e;
a = 0 and a = − 23r2 . a = 0 is a root with
multiplicity 2 with corresponding solution for
b = 0 and a = − 23r2 lie outside the feasible region
in a-b parameter space.
For n = 0.2, the equation is in depressed cubic
form. We solve it analytically by Cardano’s
method. The cubic equation for n = 0.2 is given
by
18x3 − 13x− 3 = 0 (65)
where x = ar2.
Substituting
x = u+ v
and setting
18(u3 + v3) = 3
(uv)3 =
(
13
54
)3
u3 =
1
12
+
√
1
144
− 1
27
(
13
18
)3
(66)
and
v3 =
1
12
−
√
1
144
− 1
27
(
13
18
)3
(67)
The term inside the square root in the expressions
of u3 and v3 is negative, hence we write
u = Aeiθ
v = Ae−iθ
where i =
√−1.
We find A = 0.490653378 and θ has three pos-
sible values: 15.04346531◦, 135.04346531◦ and
255.04346531◦. Thus three solutions of x(=
2Acosθ) : x1, x2 and x3 have values
x1 = 0.947676593
x2 = −0.694414854
x3 = −0.253261738
∵ a(= xr2 ) > 0, only positive x is considerable. For
r = 1 R, a = 0.947676593 R−2 which matches
with numerics and with Fig. 20. One can find
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the corresponding value of b from equation (61) or
equation (63), b = −0.189254191 R−2 .
Generally ∀ 0 < n ≤ 1(n 6= 0.5), finding a solu-
tion by Cardano’s method is little clumsy. Nev-
ertheless, one can find the nature of the roots by
using Descartes’ rule of signs. i.e; counting the
sign changes for the polynomial P (a)(= 6r6(2n −
1)a3 + 4r4(5n−1)a2 + 13r2na+ 3n) from equation
(64) and P (−a) to find the number of real positive
roots and the number of real negative roots respec-
tively. We find that for n > 0.5, all of three roots
are negative; for 0 < n < 0.5, one root is positive
and the other two roots are negative. This conclu-
sion matches with Fig. 20 and with the numerics
done in the following section.
11 Stars from H-R diagram in
a-b parameter space
We consider several observed stars from
Hertzsprung-Russell diagram [7] and we see
where do those stars fit in our model, i.e; in a-b
parameter space. Using equation (39), lines for
those stars in the feasible regions are drawn. We
use mass and radius of those stars and find the
equal mas-radius lines for them. Other physical
properties of those stars are not considered, the
main aim of this section is to find some idea about
a-b parameter space for the real stars.
a
b
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Figure 21: White Dwarfs, the intersection points
with the lower bound line of b are shown by ’?’ s.
All of the stars have n < 0.5.
Temperature of white dwarfs [8]-[10], having ra-
dius about 0.01 R, varies from 5000 to 30,000
K with a variation in luminosity nearly about
10−4 to 10−2L(L = Luminosity of the Sun=
3.846 × 1026 W) in H-R diagram. Fig. 21 shows
that a ∼ [0, 100] and b ∼ [−100, 10] for the white
dwarfs in consideration.
Main sequence is a distinctive continuous band of
stars that appear in the H-R diagram (the Sun is
in MS category) having stars of relatively smaller
radii, cooler and less luminous than the Sun as
well as stars, bigger, hotter and with a luminos-
ity higher than the Sun. Among those MS stars,
red dwarfs [11]-[14] have a cooler surface tempera-
ture than the Sun, typically around 3,500 K. Red
dwarfs, relatively dimmer than the Sun, have ra-
dius nearly about 0.1 R to 1 R. Fig. 22 shows
that a ∼ [0, 0.1] and b ∼ [−0.1, 10−4] for the
red dwarfs in consideration. Fig. 23 shows that
a ∼ [0, 0.001] and b ∼ [−0.001, 10−6] for the con-
sidered MS stars [15]- other than red dwarfs.
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18
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Figure 22: Red Dwarfs, the intersection points
with the lower bound line of b are shown by ’?’
s. All of the stars have n < 0.5.
The stars in the Giant category, are substan-
tially bigger and more luminous than the MS stars
or white dwarfs of same temperature. These stars
have some sub categories in H-R diagram depend-
ing on their temperature or colour and luminosity,
i.e; namely, sub giants, bright giants, red giants,
yellow giants and blue giants.
Fig. 24 shows that a ∼ [0, 10−4] and b ∼
[−10−4, 10−7] for the sub-giants [24]-[26] in con-
sideration. Fig. 25 shows that a ∼ [0, 10−5] and
b ∼ [−10−5, 10−8] for the giants [27]-[30] other
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Figure 23: Main Sequence stars excluding the
red dwarfs, the intersection points with the lower
bound line of b are shown by ’?’ s. All of the stars
have n < 0.5.
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Figure 24: Sub giants, the intersection points with
the lower bound line of b are shown by ’?’ s. All
of the stars have n < 0.5.
than sub-giants and blue giants. Fig. 26 shows
that a ∼ [0, 10−4] and b ∼ [−1.5×10−4, 0.5×10−6]
for the blue-giants[31]-[32] in consideration.
Super giants [34],[35]are the most luminous and
the largest stars in the H-R diagram with lumi-
nosity 103 to 106 L. Super giants have a large
range of variation in temperature, i.e; from 4000
0.0000040 0.000008 0.000012a
-8x10-6
-4x10-6
0
4x10-6
b
1
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Figure 25: Giants other than sub giants and
blue giants, the intersection points with the lower
bound line of b are shown by ’?’ s. All of the stars
have n < 0.5.
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Figure 26: Blue or white giants, the intersection
points with the lower bound line of b are shown
by ’?’ s. All of the stars have n < 0.5.
K to 40,000 K and also they have a large range
in variation in radius, usually from 30 to 500
R, or even in excess of 1,000 R. Hyper giants
[33],[36],[37]are unusually big having tremendous
luminosity. As for example UY Scuti, currently
the largest known star, is in the hyper giant cat-
egory. Fig. 27 shows that a ∼ [0, 10−10] and b
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Figure 27: Super Giants and Hyper Giants, the
intersection points with the lower bound line of b
are shown by ’?’ s. All of the stars have n < 0.5.
varies within −10−10 to 10−13 for the super-giants
and hypergiants in consideration.
The above figures reflect the fact that for the white
dwarfs, the variation in the parameters, a and b in
the feasible region of the a-b parameter space is
maximum and for the super giants, that variation
is minimum. From the previous section it is clear
that for a fixed radius, the more a star is compact,
the greater maximum value of a is. Now equation
(64) can be written as
6(2n− 1)x3 + 4(5n− 1)x2 + 13nx+ 3n = 0 (68)
where x = ar2. Hence for a given compactness
of a star the upper limit of the parameter, a in
the permissible region of a-b parameter space has
inverse square relation with the radius of the star.
From equation (61)
b =
n
r2
− (1− n)
( 1a + r
2)
(69)
Hence given compactness and radius of a star, the
lower limit of b is a monotonically decreasing func-
tion of upper limit of a for n < 0.5. The lower
limit of b decreases with the maximum permissi-
ble value of a and also from Fig. 18 or equation
(63) it is obvious that this minimum value of b in-
creases with stellar radius. The maximum value of
b for a star corresponds to a = 0, this value is nr2
from equation (62). This value of b increases with
n and decreases with r. As the upper limit of a is
a monotonically increasing function of nr2 , hence it
is a monotonically increasing function of the upper
limit of b. Thus for compact stars having smaller
radii have maximum variation in parameter a and
b in the permissible region of a-b parameter space.
The white dwarfs are the most compact stars hav-
ing relatively smaller radii in H-R diagram, hence
for the white dwarfs the variation in a and b are
maximum and on the other hand the super giants
and hyper giants are the least compact stars hav-
ing relatively bigger radii, hence for them the vari-
ation in a and b is minimum. Hence the maximum
permissible value of parameter, a or the minimum
permissible value of b determines the type of a
star. Table 1 describes mass, radius and compact-
ness of stars of different classes.
12 Final Remarks and Con-
clusions
The mass and radius of the considered stars in
sub-giants class and blue-giant class are of the
same order and that is reflected in a-b parameter
space too. Obviously, among the considered
stars, this model does not distinguish sub-giants
and blue giants. Nevertheless, this difference
is prominent and clear for the other classes of
the considered stars. The considered star has
n = 3.18×10−6, as a result the maximum range of
parameter, a is 0.0870207 R−2 . The compactness
of the star and permissible region in a-b parameter
space for the star closely matches with the red
dwarf category. Let’s consider a brown dwarf,
namely, Gliese 229B [38], [39], it has mass of
0.002 solar mass and radius of 0.047 solar radius,
resulting n to be 1.8 × 10−7. Maximum range of
a is 0.166597 R−2 and corresponding minimum
value of b is -0.16645 R−2 . The radius of the
star and the permissible region in a-b parameter
space for the star does not match with any of
the classes discussed above. Our model clearly
distinguishes this brown dwarf from the other
stars. Actually, this model is good in categorising
the stars depending on their mass and radius. As
discussed in section-10 that, this model clearly
classifies stars into two categories, i.e; 0 < n < 0.5
and 0.5 ≤ n < 1. Given compactness of a star,
one of the two above categories for the star is
determined. Now one needs an additional input
about the star (radius or mass of the star) to
determine on which subcategories, i.e; on which
type (discussed in section 11) the star fits in if
n < 0.5 (because all of the stars in H-R diagram
have n < 0.5).
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Table 1: Stars of several types from H-R diagram
Stars’ type Stars’ name M(M) r (R) r (km) M (meter) 2Mr
White Dwarfs Sirius B 0.978 0.0084 5843.88 1442.14902 0.0004935587
Procyon B 0.6 0.012 8348.4 884.754 0.0002119577
Van Maanen 2 0.68 0.011 7652.7 1002.7212 0.0002620568
40 Eridani B 0.5 0.014 9739.8 737.295 0.0001513984
L 97-12 0.59 0.0128 8904.96 870.0081 0.0001953985
Red Dwarfs 61 Cygni 0.69 0.74 514818 1017.4671 3.9527×10−6
Gliese 185 0.47 0.63 438291 693.0573 3.16254×10−6
EZ Aquarii 0.21 0.32 222624 309.6639 2.781945×10−6
VB 10 0.1 0.13 90441 147.459 3.26088×10−6
MS stars pi Andromedae 6.5 3.8 2643660 9584.835 7.25118 ×10−6
α Coronae Borealis 3.2 2.5 1739250 4718.688 5.426118×10−6
β Pictoris 2.1 1.7 1182690 3096.639 5.23660×10−6
γ Virginis 1.7 1.3 904410 2506.803 5.54351×10−6
η Arietis 1.3 1.2 834840 1916.967 4.59241×10−6
β Comae Berenices 1.1 1.05 730485 1622.049 0.000004441
Sun 1 1 695700 1474.59 4.239154808×10−6
α Mensae 0.93 0.93 647001 1371.3687 4.239154×10−6
70 Ophiuchi 0.78 0.85 591345 1150.1802 0.00000389
Sirius A 2.02 1.711 1190342.7 2978.6718 5.004729×10−6
Sub Giants γ Geminorum 2.81 3.3 2295810 4143.5979 3.6097×10−6
η Boo¨tis 1.71 2.672 1858910.4 2521.5489 2.7129×10−6
Pollux 2.04 8.8 6122160 3008.1636 9.8271316×10−7
Giants δ Ori Aa1 24 16.5 11479050 35390.16 0.000006166
Canopus 8 71 49394700 11796.72 4.7765×10−7
Arcturus 1.08 25.4 17670780 1592.5572 1.8024×10−7
Aldebaran 1.5 44.2 30749940 2211.885 1.438627×10−7
Capella 2.5687 11.98 8334486 3787.779333 9.0894×10−7
Blue Giants Alcyone 3.6 8.2 5704740 5308.524 1.86109×10−6
Thuban 2.8 3.4 2365380 4128.852 3.49106×10−6
Super Giants UY Scuti 8.5 1708 1.2×109 12534.015 2.1097×10−8
and Betelgeuse 11.6 887 617085900 17105.244 5.54388×10−9
Hyper Giants VY Canis Majoris 17 1420 987894000 25068.03 5.075×10−8
NML Cygni 32.5 1183 823013100 47924.175 1.1646×10−7
